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bstract
In the present paper it is shown that 3-prime left near-rings satisfying certain identities involving generalized derivations are
ommutative rings. Moreover, examples proving the necessity of the 3-primeness hypothesis in various theorems are given. 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
SC: 16N60; 16W25; 16Y30eywords: Prime near-rings; Generalized derivations; Commutativity
.  Deﬁnitions  and  terminology
Throughout this paper N  will be a zero-symmetric
eft near-ring with multiplicative center Z(N); and usu-
lly N  will be 3-prime, that is, will have the property that
Ny = 0 for x, y  ∈  N  implies x  = 0 or y = 0. For any x, y  ∈  N,
s usual [x, y] = xy  −  yx  and x  ◦  y  = xy  + yx  will denote
he well-known Lie and Jordan products respectively.
ecalling that N  is called 2-torsion free if 2x  = 0 implies
 = 0 for all x ∈  N. An additive mapping d  : N  −→  N
s said to be a derivation if d(xy) = xd(y) + d(x)y  for
ll x, y  ∈  N, or equivalently, as noted in [1], that
(xy) = d(x)y  + xd(y) for all x, y  ∈  N. Many results in∗ Corresponding author. Tel.: +966 504592839; fax: +966 8454770.
E-mail address: msamman@kfupm.edu.sa (M. Samman).
1 Address: Université Moulay Ismaï l, Faculté des Sciences et Tech-
iques, Département de Mathématiques, Errachidia, Morocco.
eer review under responsibility of Taibah University.
ttp://dx.doi.org/10.1016/j.jtusci.2015.02.017
658-3655 © 2015 The Authors. Production and hosting by Elsevier B.V. on 
C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).literature indicate how the global structure of a near-ring
N is often tightly connected to the behavior of additive
mappings defined on N. More recently several authors
consider similar situation in the case the derivation d is
replaced by a generalized derivation. According to [2], an
additive mapping F  : N  −→  N  is said to be a right (resp.,
left) generalized derivation with associated derivation d
if F(xy) = F(x)y  + xd(y) (resp., F(xy) = d(x)y  + xF(y)), for
all x, y ∈  N, and F  is said to be a generalized derivation
with associated derivation d  on F if it is both a right
and a left generalized derivation on N with associated
derivation d  (note that this definition differs from the one
given by Hvala in [3]; his generalized derivations are our
right generalized derivations.) Every derivation on N  is a
generalized derivation. Familiar examples of generalized
derivations are derivations and generalized inner deriva-
tions and later includes left multiplier i.e. an additive
mapping F  : N  −→  N  satisfying F(xy) = F(x)y  for all x,
y ∈ N. Generalized derivations have been primarily stud-behalf of Taibah University. This is an open access article under the
ied on operator algebras. Therefore any investigation
from the algebraic point of view might be interesting.
Recently, there has been a great deal of work con-
cerning commutativity of prime and semiprime rings
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and therefore [F(x), y][F(x), t] = 0 for all t, x, y  ∈  N.
Accordingly,
[F (x),  y]N[F (x),  y] =  0 for all x,  y  ∈  N.  (8)408 M. Samman et al. / Journal of Taiba
admitting suitably constrained derivations and gener-
alized derivations (see [4–7]). In view of these results
many authors have proved comparable results for near-
rings (see [8–11]). In the present paper it is shown that
near-rings with generalized derivations satisfying certain
identities are commutative rings. Many of our results
extend earlier commutativity results involving similar
conditions on derivations.
The following Lemmas are essential for developing
the proofs of our results.
Lemma  1.  Let  N  be  a  3-prime  near-ring.
(i) [2, Lemma 1.2 (iii)] If  z  ∈  Z(N) \  {0}  and  x  ∈  N  such
that xz  ∈  Z(N),  then  x ∈  Z(N).
(ii) [1, Lemma 2] If  d  is  a  derivation  of  N  and  x ∈  Z(N),
then d(x) ∈  Z(N).
Lemma  2.  [4, Lemma 3 (ii), (iii) and (iv)] Let  N  be  a
3-prime near-ring  and  d  is  a derivation.
(i) If  Z(N) \  {0}  contains  an  element  z  for  which
z + z  ∈  Z(N),  then  (N, +) is  abelian.
(ii) If  x ∈  N  such  that  d(N)x  = {0}  or  xd(N) = {0},  then
x = 0 or  d = 0.
(iii) If  N  is  2-torsion  free  and  d  is  a derivation  on  N  such
that d2 = 0, then  d  = 0.
Lemma  3.  [2, Theorem 2.1] Let  N  be  a 3-prime  near-
ring. If  N  admits  a  derivation  d  such  that  d(N) ⊆  Z(N),
then N  is  a commutative  ring.
Lemma 4.  [2, Lemma 1.1] If  N  is  an  arbi-
trary left  near-ring  and  d  is  a derivation,  then
(d(x)y + xd(y))z  = d(x)yz  + xd(y)z  for  all  x, y, z  ∈  N.
Lemma  5.  [3, Lemma 5] Let  N  be  a  3-prime  near-
ring. If  F  is  generalized  derivation  associated  with  a
derivation d,  then  (d(x)y  + xF(y))z  = d(x)yz  + xF(y)z  for
all x, y, z  ∈  N.
2.  Conditions  involving  right  generalized
derivations
Theorem  1.  Let  N  be  a  2-torsion  free  3-prime  near-
ring. If  F  is  a  nonzero  right  generalized  derivation  on  N,
then the  following  statements  are  equivalent:(i) d(Z(N)) /=  {0}  and  F([x, y]) ∈ Z(N) for  all  x, y ∈  N;
(ii) [F(x), y] ∈  Z(N) for  all  x, y ∈  N;
iii) F(x) ◦  y ∈  Z(N) for  all  x, y ∈ N;
(iv) N  is  a commutative  ring.rsity for Science 9 (2015) 407–413
Proof.  It is obvious that (iv) implies (i), (ii) and (iii).
(i) ⇒  (iv) Let us fix z ∈  Z(N) such that d(z) /=  0. We
are given that
F ([x,  y]) ∈ Z(N) for all x,  y  ∈  N. (1)
Replacing y  by yz in (1), we get
F ([x,  y])z  +  [x,  y]d(z) ∈  Z(N) for all x,  y  ∈  N  (2)
which implies that
[x,  y]d(z) ∈  Z(N). (3)
Since d(z) ∈  Z(N) −  {0}, then by view of Lemma 1 (i),
(3) implies that
[x,  y] ∈ Z(N) for all x,  y  ∈ N  (4)
and therefore
[[x,  y],  t] =  0 for all t,  x,  y  ∈  N.
Substituting xy  for y, we get [x[x, y], t] = 0 which, because
of [x, y] ∈  Z(N), yields [x, y][x, t] = 0 for all t, x, y ∈  N.
Accordingly,
[x,  y]N[x,  y] =  0 for all x,  y  ∈  N.  (5)
Once again using the 3-primeness, Eq. (5) forces x  ∈ Z(N)
and therefore
d(x) ∈  Z(N) for all x  ∈  N.  (6)
Hence d(N) ⊂  Z(N) and Lemma 3 assures that N is a
commutative ring.
(ii) ⇒  (iv) If Z(N) = {0}, then our hypothesis becomes
F(N) ⊂  Z(N) and [5, Theorem 2.1] assures that N  is a
commutative ring. Hence, we assume that Z(N) /=  {0}  .
From
[F (x),  y] ∈ Z(N) for all x,  y ∈ N
it follows that
[[F (x),  y],  t] =  0 for all t,  x,  y  ∈  N.  (7)
Replacing y  by F(x)y  in equation (7), we get
[[F (x),  y]F (x),  t] =  0 for all t,  x,  y ∈  NUsing the 3-primeness, equation (8) leads to
[F (x),  y] = 0 for all x,  y  ∈  N.
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ence F(N) ⊂  Z(N) and [5, Theorem 2.1] assures that N
s a commutative ring.
(iii) ⇒  (iv) We are assuming that
(x) ◦  y ∈  Z(N) for all x,  y  ∈  N.  (9)
f Z(N) = {0}, then equation (9) reduces to
F (x) =  −F (x)y  for all x,  y  ∈  N.
aking yz  instead of y  in the above equation, we get
yzF (x) =  −F (x)yz
=  F (x)y(−z)
=  yF (−x)(−z) for all x,  y,  z ∈ N,
hich leads to
(zF (x) −  F (−x)(−z)) =  0 for all x,  y,  z  ∈  N
nd thus
N(−zF (−x) +  F (−x)z) =  {0}  for all x,  y,  z ∈  N.
(10)
eplacing x  by −x  in (10), we obtain
N(−zF (x) +  F (x)z) =  0 for all x,  y,  z ∈ N.  (11)
ince N  is 3-prime, equation (11) shows that
(x) ∈  Z(N) for all x  ∈  N  (12)
nd thus F(x) = 0 for all x ∈  N, which contradicts
ur hypothesis. Consequently, there exists an element
 ∈  Z(N) such that u /=  0 . Now replacing y by u  in (9),
e obtain
F (x) +  F (x))u  ∈  Z(N) for all x ∈  N  (13)
hich, because of Lemma 1 (i), leads to
(x) +  F (x) =  F (x  +  x) ∈ Z(N) for all x ∈  N.
(14)
ubstituting x  + x for x in (9) and using (14), one can
asily see that
(x  +  x)(y  +  y) ∈  Z(N) for all x,  y  ∈  N
nd therefore
(x  +  x) =  0 or y  +  y  ∈  Z(N) for all x,  y ∈ N.
(15)
n view of 2-torsion freeness, we cannot have F(x  + x) = 0
or all x  ∈  N, for that would contradict F  /=  0 . Thereforersity for Science 9 (2015) 407–413 409
y  + y ∈  Z(N) for all y  ∈  N and hence y2 + y2 ∈  Z(N) for all
y ∈  N. Accordingly
(y  +  y)yt  =  y(y  +  y)t
=  (y2 +  y2)t
= t(y2 +  y2)
= ty(y  +  y)
=  (y  +  y)ty  for all y,  t ∈ N
in such a way that
(y  + y)N[y,  t] =  0 for all y,  t ∈  N.  (16)
Since N  is 3-prime, then (16) yields that either y ∈ Z(N) or
y = 0 . Consequently, in both the cases we have y  ∈  Z(N)
for all y  ∈  N . Hence d(N) ⊂  Z(N) and Lemma 3 gives that
N is a commutative ring. 
3.  Commutativity  conditions  involving
generalized derivations
In this section we will make frequent use of the fol-
lowing result due to [2, Lemma 6]: If N  is a 3-prime
near ring and F  a generalized derivation with associated
derivation d, then
F (x)y  +  xd(y) =  xd(y) +  F (x)y,
d(x)y +  xF (y) =  xF (y) +  d(x)y  for all x,  y  ∈  N.
Theorem  2.  Let  N  be  a  2-torsion  free  3-prime  near-ring
and F a nonzero  generalized  derivation  associated  with
a nonzero  derivation  d  . Then  the  following  statements
are equivalent:
(i) [F(x), y] = [x, F(y)] for  all  x, y∈  N  ;
(ii) F(x  ◦ y) ∈  Z(N) for  all  x, y∈  N ;
(iii) N is  a  commutative  ring.
Proof. It is obvious that (iii) implies both (i) and (ii) .
(i) ⇒  (iii) Suppose that
[F (x),  y] =  [x,  F (y)] for all x,  y ∈  N.  (17)
Replacing y  by F(x)y  in (17), we get
F (x)xF (y) − F (x)F (y)x = F (x)[x, F (y)]
= F (x)[F (x), y]
= [F (x), F (x)y]
= [x, F (F (x)y)] for all x, y ∈ N.Since xF(x) = F(x)x  by (17), hence because of Lemma 5,
the last expression becomes
xd(F (x))y  =  d(F (x))yx  for all x,  y  ∈ N.  (18)
h Unive
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Taking yt  instead of y  in (18), we get
d(F(x))ytx = xd(F(x))yt  = d(F(x))yxt  so that
d(F (x))y[x,  t] =  0 for all x,  y,  t ∈  N.
and therefore
d(F (x))N[x,  t] =  0 for all x,  t ∈  N.  (19)
By virtue of the 3-primeness of N, (19) shows that each
x ∈  N  either
d(F (x)) =  0 or x  ∈  Z(N).  (20)
But if If x0 ∈  Z(N), then (17) implies that F(x0) ∈  Z(N)
and Lemma 1 (ii) yields d(F(x0)) ∈  Z(N) . Therefore (20)
becomes
d(F (x)) ∈  Z(N) for all x ∈  N.  (21)
Assume that d(F(x)) = 0 for all x ∈  N  . Then
0 =  d(F (F (x)y))
=  d(F2(x)y  +  F (x)d(y))
= F2(x)d(y) +  F (x)d2(y)
= F (x)F (d(y)) for all x,  y ∈  N.
Replacing x  by xt  in the last expression, then
(d(x)t + xF(t))F(d(y)) = 0 for all x, y, t  ∈  N  which, by
Lemma 5, implies that d(x)NF(d(y)) = 0 for all x, y  ∈  N  .
Since d /=  0, the 3-primeness hypothesis yields
F (d(y)) =  0 for all y ∈ N. (22)
Putting xy  instead of y  in (22), we have
0 =  F (d(xy))
=  F (d(x)y  +  xd(y))
=  F (d(x))y  +  d(x)d(y) +  d(x)d(y) +  xF (d(y))
=  2d(x)d(y) for all x,  y ∈ N
and thus d(x)d(y) = 0 for all x, y ∈  N  in which
case Lemma 2(ii) forces d = 0 ; a contradiction.
Accordingly d(F(x)) ∈ Z(N) \  {0}  for all x  ∈  N  \  {0}  .
But d(F(x)) + d(F(x)) = d(F(x  + x)) ∈  Z(N) \  {0}  for all
x ∈  N  \  {0}, hence Lemma 2(i) gives that (N, +) is
abelian.
By (17), we have
F (x)y  −  yF (x) =  xF (y) −  F (y)x  for all x,  y  ∈  N.
(23)
Applying d to both sides of the above equality and invok-
ing equation (21), we find that
[F (x),  d(y)] =  [d(x),  F (y)] for all x,  y  ∈  N.  (24)rsity for Science 9 (2015) 407–413
Substituting F(x) for x  in (24) and using (21) we get
F2(x)d(y) =  d(y)F2(x) for all x,  y  ∈  N.
Replacing y by d(y)t  in the last equation, thereby obtain-
ing
F2(x)d2(y)t  =  d2(y)tF2(x) for all x,  y,  t  ∈ N.
(25)
Taking tm  instead of t in (25), it is obvious to see that
d2(y)tmF2(x) = F2(x)d2(y)tm
= d2(y)tF2(x)m  for all x,  y,  t,  m  ∈  N
that is
d2(y)N[F2(x),  m] = 0 for all x,  y,  m  ∈  N.  (26)
Since N  is 3-prime, hence either d2 = 0 or F2(x) ∈ Z(N)
for all x ∈  N  . As d  /=  0, then we cannot have d2 = 0 for
that would contradict Lemma 2(iii). Therefore
F2(x) ∈ Z(N) for all x  ∈  N.  (27)
Replacing x  by F(x) in (17) and invoking (27), we obtain
[F(x), F(y)] = 0 for all x, y ∈  N  and [6, Theorem 4.1]
shows that N  is a commutative ring.
(ii) ⇒  (iii) We are given that
F (x  ◦  y) ∈ Z(N) for all x,  y ∈  N. (28)
First we claim that Z(N) /=  {0}  . Indeed otherwise (28)
becomes F(x  ◦ y) = 0 for all x, y ∈  N  and from F(x  ◦  xy) = 0
it follows that
0 =  F (x(x  ◦  y))
=  xF (x  ◦ y) +  d(x)(x  ◦ y)
= d(x)(x  ◦  y) for all x,  y  ∈  N
.
This means that
d(x)xy  =  −d(x)yx  =  d(x)y(−x) for all x,  y  ∈  N.
(29)
Replacing y  by yt in (29) we get
d(x)xyt  =  d(x)yt(−x) =  d(x)y(−x)t
so that
d(x)y[t,  −x] =  0 for all x,  y,  t ∈  N.
Replacing x  by −x we obtain
d(−x)y[t,  x] =  0 for all x,  y,  t ∈  N
and therefore
d(−x)N[t,  x] =  0 for all x,  t ∈ N.  (30)
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ince N  is 3-prime, then either d(x) = 0 or x ∈  Z(N), each
or which leads to d(N) ⊆  Z(N) and thus N  is a com-
utative ring by Lemma 3. In this case, our hypothesis
ogether with 2-torsion freeness forces
(xy) =  0 for all x,  y  ∈  N
roving that
(x)y  +  xd(y) =  0 for all x,  y  ∈  N.
eplacing x  by xt  in the last equation, we obtain xtd(y) = 0
or all t, x, y  ∈  N  and hence d  = 0 ; a contradiction. Con-
equently, Z(N) contains a nonzero element z0 . Now
eplacing y by yz0 in (28), we get
(x  ◦ y)z0 +  (x  ◦  y)d(z0) ∈  Z(N) for all x,  y  ∈  N.
(31)
sing (28), equation (31) reduces to
x  ◦ y)d(z0) ∈  Z(N) for all x,  y  ∈  N  (32)
sing Lemma 1 together with the 3-primeness of N, it
ollows that either x  ◦ y  ∈  Z(N) or d(z0) = 0. Hence
 ◦ y ∈  Z(N) or d(Z(N)) =  0 forall x,  y ∈  N.
(33)
(a) If x◦  y ∈  Z(N) ; since x  ◦ z0 = z0(x  + x), x2 ◦ z0 =
z0(x2 + x2) then z0(x  + x) ∈  Z(N) and z0(x2 + x2) ∈
Z(N) which, because of Lemma 1(i), forces
x +  x  ∈  Z(N) and x2 +  x2 ∈  Z(N) forall x ∈  N.
Hence we conclude that
(x +  x)xt  =  x(x  +  x)t
=  (x2 +  x2)t
= t(x2 +  x2)
= tx(x  +  x)
=  (x  +  x)tx  for all x,  t ∈  N
in such a way that
(x  +  x)N[x,  t] =  0 for all x,  t ∈  N.  (34)
Once again using the 3-primeness hypothesis, equa-
tion (34) yields x  ∈  Z(N) or x  = 0 . Consequently, in
both cases we have that for each x ∈  N, x  ∈  Z(N), so
that d(N) ⊂  Z(N) and N  is a commutative ring by
Lemma 3.rsity for Science 9 (2015) 407–413 411
(b) Now suppose that d(Z(N)) = {0}  and let us fix
u ∈ Z(N) \  {0}  . From F(x  ◦  u) ∈  Z(N) it follows that
(F (x) +  F (x))u  ∈ Z(N) for all x  ∈  N  (35)
which, by view of Lemma 1(i), shows that
F (x) +  F (x) ∈  Z(N) for all x  ∈  N.
Since d(Z(N)) = {0}, thus d(F(x) + F(x)) = 0 in such a way
that
d(F (x)) =  0 for all x  ∈ N.  (36)
Using the same techniques as we have used in the proof
of (i) ⇒  (iii) one can easily see that F(d(x)) = 0 for all
x ∈ N . Since F(d(x)(y  + y)) ∈  Z(N), then the last forces
d(x)d(y  +  y) ∈  Z(N) for all x,  y  ∈  N.  (37)
Replacing x  by tx  in (37) and using Lemma 4, we get
d(t)xd(y  +  y) +  td(x)d(y  +  y) ∈  Z(N)
for all x,  y,  t ∈  N
and thus
td(t)xd(y  +  y) +  t2d(x)d(y  +  y) =  d(t)xd(y  +  y)t
+ td(x)d(y  +  y)t  for all x,  y,  t ∈ N.  (38)
Comparing(37) with (38) shows that
td(t)xd(y  +  y) =  d(t)xd(y  +  y)t  for all x,  y,  t  ∈  N.
(39)
Replacing x  by xd(u) in (39) and once again invoking
(37), we obtain
d(u)d(y  +  y)N(td(t)x  −  d(t)xt) =  0
for all x,  y,  t, u  ∈  N  (40)
so that
d(u)d(y  +  y) =  0 or td(t)x  =  d(t)xt
for all x,  y,  t, u  ∈  N.
Since d  /=  0, then according to Lemma 2(ii), the above
relation reduces to td(t)x  = d(t)xt  for all x, t  ∈  N  . Replace
x by d(v  +  v)x, thereby obtaining that
d(t)d(v  +  v)(xt  −  tx) =  0 for all x,  t,  v  ∈  N  (41)
which, in light of (37), leads to
d(t)d(v  +  v)N[x,  t] =  0 for all x,  t,  v  ∈  N  (42)
which, by virtue of the 3-primeness, proves that
d(t)d(v) =  0 or [x,  t] =  0 for all x,  t,  v ∈ N
h Unive412 M. Samman et al. / Journal of Taiba
and, Lemma 2(ii), implies that
d(t) =  0 or t ∈  Z(N) for all t ∈ N.  (43)
But t  ∈  Z(N) also implies that d(t) ∈ Z(N), hence equation
(43) forces d(N) ⊆  Z(N) and Lemma 3 assures that N  is
a commutative ring. 
Corollary  1.  [6, Theorem 2.1] Let  N  be  a  2-torsion
free 3-prime  near-ring.  If  N  admits  a nonzero  derivation
d such  that  [d(x), y] = [x, d(y)] for  all  x, y  ∈  N, then  N  is
a commutative  ring.
Theorem  3.  Let  N  be  a  2-torsion  free  3-prime  near-
ring. If  N  admits  a  nonzero  generalized  derivation
F associated  with  a  derivation  d  such  that  either
F(x) ◦  d(y) = 0 for  all  x, y  ∈ N  or  d(x) ◦  F(y) = 0 for  all
x, y  ∈  N, then  d  = 0 and  F  is  a  multiplier.
Proof.  (a) Assume that
F (x)d(y) +  d(y)F (x) =  0 for all x,  y ∈  N.  (44)
Replacing y  by F(x)y  in (44) and using Lemma 4, we get
F (x)d(F (x))y  +  F (x)F (x)d(y) +  F (x)d(y)F (x)
+ d(F (x))yF (x) =  0 for all x,  y  ∈  N.  (45)
Using (45) together with (44) we obtain
d(F (x))yF (x) =  −F (x)d(F (x))y  for all x,  y ∈  N.
(46)
Taking yt  instead of y in (46), we have
d(F (x))ytF (x) = −F (x)d(F (x))yt
= (F (x)d(F (x))y)(−t)
= (−d(F (x))yF (x))(−t)
= d(F (x))yF (−x)(−t) for all x, y, t ∈ N
and therefore
d(F (x))N(−tF (−x) +  F (−x)t) =  0 for all x,  t  ∈  N.
(47)
Writing −x instead of x in (47) and using the 3-primeness
of N, we see that for each x ∈  N, either d(F(x)) = 0 or
F(x) ∈  Z(N), so that
d(F (x)) ∈  Z(N) for all x  ∈  N.  (48)
Substituting F(y) for y in (44) and invoking (48), gives
d(F (y))N(2F (x)) =  0 for all x,  y  ∈  N  (49)rsity for Science 9 (2015) 407–413
which, because of F /=  0, forces
d(F (y)) =  0 for all y ∈ N.  (50)
From d(F(xy)) = 0 it follows that d(F(x)y) + d(xd(y)) = 0
so that
F (x)d(y) +  d(x)d(y) +  xd2(y) =  0 for all x,  y  ∈ N.
(51)
Once again applying d  to the above relation, in light of
(50) we obtain
F (x)d2(y) +  d2(x)d(y) +  d(x)d2(y) +  d(x)d2(y)
+ xd3(y) =  0 for all x,  y  ∈  N.  (52)
Substituting d(y) for y in (41) and comparing with (52),
we find that
d2(x)d(y) +  d(x)d2(y) =  0 for all x,  y ∈  N.  (53)
Writing d(x) instead of x  in (41), we obtain
F (d(x))d(y) +  d2(x)d(y) +  d(x)d2(y) =  0
for all x,  y  ∈  N
which, because of (53), yields F(d(x))d(y) = 0 for all x,
y ∈ N  . Hence Lemma 2(ii) shows that
F (d(x)) =  0 for all x ∈ N.
Therefore,
0 =  F (d(xy))
=  F (d(x)y  +  xd(y))
=  F (d(x))y  +  d(x)d(y) +  d(x)d(y) +  xF (d(y))
=  2d(x)d(y) for all x,  y  ∈  N
proving that d(x)d(y) = 0 for all x, y ∈  N  and Lemma 2(ii)
implies that d  = 0 . Accordingly, F(xy) = F(x)y  = xF(y) for
all x  ∈  N  and thus F  is a multiplier.
(b) If d(x) ◦  F(y) = 0 for all x, y  ∈ N, then arguing as
in case a), we get the required result. 
Corollary  2.  Let  N  be  a  2-torsion  free  3-prime  near-
ring. If  N  admits  a  derivation  d such  that  d(x) ◦  d(y) = 0
for all  x, y ∈  N,  then  d = 0.
The following example proves that the 3-primeness
hypothesis in Theorems 1, 2 and 3 is not superfluous.
Example.  Let N  =
⎧⎪⎨
⎪⎩
⎛
⎜⎝
0 0 0
x 0 0
y z 0
⎞
⎟⎠ | x,  y,  z  ∈ S
⎫⎪⎬
⎪⎭
h Unive
w
L
F
I
3
d
(
(
f
m
A
R
[
group ideals of right near-rings, Asian-Eur, J. Math. 6 (4) (2013)M. Samman et al. / Journal of Taiba
here Sis a noncommutative 2-torsion free left near-ring.
et us define⎛
⎜⎝
0 0 0
x 0 0
y z  0
⎞
⎟⎠ = d
⎛
⎜⎝
0 0 0
x 0 0
y z 0
⎞
⎟⎠ =
⎛
⎜⎝
0 0 0
0 0 0
y  z 0
⎞
⎟⎠ .
t is straightforward to check that N  is a 2-torsion free non
-prime left near-ring. Furthermore, F  is a generalized
erivation associated with d such that:
(i) [F(A), B] ∈  Z(N),
(ii) F(A) ◦  B ∈  Z(N),
iii) [F(A), B]) = [A, F(B)]
(iv) F(A ◦ B) ∈  Z(N)
(v) F(A) ◦  d(B) = 0
vi) d(A) ◦ F(B) = 0
or all A, B  ∈  N, however neither d = 0 nor N  is a com-
utative ring.cknowledgement
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